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Abstract1

We study transforming one point set A to an equal-size point set B optimally, where translating any2

of a predefined set of groups of points incurs a cost independent of its size. We consider two objectives:3

minimizing the number of groups moved (Cardinality) and minimizing the total translation length4

of the groups (Length). When a matching between A and B is given – that is, we know which5

point moves to which other point – we prove that minimizing Cardinality is NP-hard in general,6

but efficiently solvable when the given groups form a hierarchy. Without a prescribed matching, we7

prove that both minimizing Cardinality and Length is NP-hard.8

Lines 174

1 Introduction10

Transforming one point set into another via rigid transformations is a widely studied problem11

with applications in e.g., computer vision, motion analysis, and robotics [2, 6, 7]. Recent12

work [8] studied how a given matching (bijection) between point sets can be represented using13

additive translations applied to subsets (groups) of points to capture the “visual complexity”14

of grouped motion; see Figure 1. This framework introduces two dimensions: how to measure15

the cost of a grouped translation, and constraints on which points can be grouped together.16

The considered cost measures are Cardinality – the number of groups used – and Length –17

the sum of Euclidean norms of translation vectors applied to groups. One of the constraints18

is the Given variant, where the groups that can be used are prescribed – this paper focuses19

on this setting with given groups.20

∗ Research on the topic of this paper was initiated at the 9th Workshop on Applied Geometric Algorithms
(AGA 2025) in Otterlo, The Netherlands.

† W. Meulemans and A. Simons are (partially) supported by the Dutch Research Council (NWO) under
project number VI.Vidi.223.137.

Figure 1 Grouped motion (left) is easier to understand than dispersed motion (right).9

42nd European Workshop on Computational Geometry, Hagen, Germany, March 25–27, 2026.
This is an extended abstract of a presentation given at EuroCG’26. It has been made public for the benefit of the
community and should be considered a preprint rather than a formally reviewed paper. Thus, this work is expected
to appear eventually in more final form at a conference with formal proceedings and/or in a journal.



100:2 Point Set Transformations using Given Groups

Figure 2 Left: source points A (dots) and target points B (crosses). Middle and Right: different
matchings (indicated using colors) result in different grouped motions, with a lower cost on the right.
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The above framework [8] considers only settings where a matching between point sets is21

given. Yet, many applications such as shape matching require determining both the matching22

and the translations [1, 2, 9]. We thus generalize the framework with another dimension: is23

the matching given or to be optimized? In the latter, we aim to find the matching minimizing24

the cost of a grouped translation, subject to constraints on the permitted groups; see Figure 2.25

This generalization extends the descriptive model of the original framework to a constructive26

alignment problem related to classical point-set registration and structured motion analysis.27

Contributions and organization. Minimizing Cardinality for given groups and matched30

point sets remained open in [8]: in Section 3 we show that this problem is NP-hard in31

general, and provide a polynomial-time algorithm when the given groups form a hierarchy.32

In Section 4 we study the previously unexplored problem where no matching is given, and33

establish NP-hardness for both optimization criteria. Full proofs can be found in Appendix A.34

Related work. For the matched case with given groups, Length can be minimized in (weakly)35

polynomial time and in linear time when the groups form a hierarchy [8].36

Classic registration methods typically assume a single global transformation applied37

uniformly to all points [9], whereas our setting allows multiple translations tied to predefined38

groups, enabling motions that cannot be expressed in these classic registration models.39

The special case of one group of all points together with a group per point effectively40

describes classical point-set matching. Minimizing the sum of squared distances is achieved by41

aligning the centroids [6], while other metrics, like Euclidean distance, are more complicated [4].42

Additional work on matching point sets exists [1], differing in the matching distances used,43

allowed transformations, and whether the point sets have the same cardinality or not.44

Matching costs are typically based on the L1 (Manhattan), L2 (Euclidean), or L2
2 metrics45

and take the sum of distances of the matched points, or some bottleneck measure. Such an46

approach treats points independently, whereas group-based translations couple the motion of47

points within a group, making such distance-based matchings incompatible with our setting.48

Other well-known metrics, such as the Earth Mover’s distance [3], address weighted point49

sets, which we do not consider.50

2 Preliminaries51

Matched. In the matched setting of [8], we are given two point sets A = {a1, . . . , an} and52

B = {b1, . . . , bn} in Rd, with a matching ϕ : A → B, such that ϕ(ai) = bi, and a family of53

subsets F ⊆ P([n]) of [n] = {1, . . . , n} indicating the groups via point indices. A solution54

to this problem consists of a pair (F ′, τ), where F ′ ⊆ F and τ : F ′ → Rd describes the55

translation vectors for the groups defined by F ′. Let F ′
i ⊆ F ′ be only those groups that56
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Figure 3 Example construction for N = {1, 4, 2, 5, 2, 2}, requiring a set N ′ such that k =∑
x∈N′ x = 8. Difference vectors δ1, . . . , δ6 ∈ ∆ represent the values in N , and δ7 ∈ ∆ represents k.
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contain index i. A solution (F ′, τ) is called valid if
∑

G∈F ′
i
τ(G) = bi − ai for all i ∈ [n], i.e.,57

if the movement of each group places each point of A to its matched point in B.58

For the Cardinality measure, the goal is to minimize |F ′|, the number of groups that59

are translated; for Length, the goal is to minimize the total length translated by all groups,60

computed as
∑

G∈F ′ ∥τ(G)∥, where ∥ · ∥ indicates the Euclidean norm in Rd.61

As only the relative positions between matched points are relevant, we can represent the62

input equivalently by a single collection of vectors ∆ = {δ1, . . . δn} with δi = bi − ai.63

Unmatched. We generalize [8] by supposing we must now (also) find the matching ϕ : A → B64

that minimizes Cardinality or Length. Let Φ be the set of all matchings between A and B.65

Given two point sets A, B ⊂ Rd of equal size n and a family of allowed groups F , we aim66

to find a matching ϕ∗ ∈ Φ that minimizes Length or Cardinality under the matched model67

described above. Note that each matching ϕ readily defines a collection ∆ of difference68

vectors δi = ϕ(ai) − ai that can be used as input for the matched problem.69

3 Minimizing Matched Cardinality70

We prove that, for a given matching, minimizing Cardinality is NP-hard for general F , but71

polynomial-time solvable if F is hierarchical.72

▶ Theorem 1. Matched Cardinality is NP-hard in Rd for any d ≥ 1.73

Proof sketch. For d = 1, we use a reduction from Partition, which is weakly NP-hard [5]:74

given a set N = {x1, . . . , xn} of n positive integers, is there a subset N ′ ⊆ N with
∑

x∈N ′ x =75

k, where k = 1
2

∑
x∈N x? The result for higher d follows trivially.76

For each xi ∈ N , the reduction creates a pair of points in A and B with rightward77

difference vector δi of length xi; additionally, a single pair with δn+1 of length k to the right78

(see Figure 3). We set the permitted groups to be each i separately (except n + 1), as well79

as the pairs {i, n + 1}. If the Partition instance admits a solution, we achieve δn+1 “for80

free”, moving with Cardinality n. Conversely, if the Matched Cardinality instance permits81

using only n groups, δn+1 must have been achieved for free via some subset of pairs: this82

subset in N hence sums to k. ◀83

Consider the case where the family F is a hierarchy that includes at least all singleton86

sets. We now represent F as a rooted tree T , where leaves correspond to indices in [n], and87

internal nodes represent the sets induced by their subtree; see Figure 4.88

First, consider the restricted case that F consists only of [n] and all singleton groups. Let90

δ∗ ∈ ∆ be the most frequently occurring distance vector. Then δ∗ is an optimal translation91

EuroCG’26



100:4 Point Set Transformations using Given Groups

Figure 4 Translating groups in F (dashed arrows) corresponds to moving entire subtrees.89

vector for the root: it aligns the maximum number of leaves; the rest has to be moved to92

their destination individually. Our algorithm generalizes this idea to arbitrary hierarchical F .93

At every node u, we store a set of preferred vectors V (u) defined as follows (see also94

Figure 5). If u is a leaf corresponding to index i, then V (u) = {δi}. If u is an internal node,95

then V (u) consists of the most frequent preferred vectors among its children (in case of a tie,96

it consists of all vectors with maximum frequency).97

▶ Lemma 2. In any constant dimension d ≥ 1, the sets V (u) for all nodes u ∈ T can be100

computed in O(n log n + nh) time, for a tree of height h.101

Proof sketch. We compute V (u) for every node u in a bottom-up fashion. At each node u,102

we look at the preferred vector sets V (u1), . . . , V (uk) of its children, count how often each103

vector occurs among those sets, and keep the ones with maximum frequency as V (u). The104

work at node u is proportional to the sum of sizes of the preferred vector sets of its children.105

Any vector in any V (u) is in fact one of the original leaf vectors δi ∈ ∆, and each δi106

appears at most h times as it can only be part of V (u) for nodes on the path from its leaf to107

the root. Therefore, a leaf’s vector is processed at most h times across the whole tree, giving108

a time bound of O(nh) if each occurrence can be handled in constant time. This can be109

achieved using O(n log n)-time preprocessing: sort ∆, arbitrarily but so that duplicate values110

become adjacent, then assign unique integer identifiers in the range [n] to the distinct δi.111

The required (multi)set operations can be implemented efficiently over this range. ◀112

In an eventual solution, all points in the subtree rooted at u ∈ T are translated according113

to all translations in the (strict) ancestors of u: we call the sum of these translations the114

ancestral translation of u. Moreover, we use cost of u to indicate the minimum number of115

group translations the subtree requires, given some ancestral translation. Our goal is thus to116

minimize the cost of the root (which necessarily has an ancestral translation of 0⃗).117

{a} {a} {a} {b} {c} {b}

{a} {b, c}

{b}

c− b

a− b

b

Figure 5 Example two-level hierarchy on six points with translation vectors indicated by letters.
(left) Preferred vectors. (right) Minimum Cardinality solution.

98

99
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▶ Lemma 3. For every node u ∈ T , the cost of u is minimum if its ancestral translation is118

a preferred vector in V (u). Any other ancestral translation increases this cost by exactly 1.119

Proof. We use induction on the height of the subtree at u. For a leaf node, there is only a120

single preferred vector in V (u): if the ancestral translation matches this vector, then the121

subtree is already solved and has cost 0; otherwise, the point needs to move to its target and122

the subtree has cost 1.123

For an internal node, choosing a translation (or none) fixes the ancestral translation for124

its K children. Any choice can match the preferred vector of a certain number k of children.125

These k out of the K children receive their minimal cost; the other K − k children have their126

minimal cost plus 1, by induction. Therefore, the total cost of the children is the sum of127

their minimum costs plus K − k. Clearly, this is minimized by maximizing k, that is, via an128

ancestral translation that matches a preferred vector in V (u).129

If the ancestral translation is not a preferred vector, we can readily apply a single130

translation at the root of a subtree to make it match a preferred translation: the cost is131

exactly one more than the minimum cost. ◀132

The algorithm now simply computes all preferred vectors in a bottom-up fashion, and133

then chooses optimal translations in a top-down fashion. We obtain the following result.134

▶ Theorem 4. Let ∆ be a collection of n vectors in Rd, and let F be a given hierarchy135

represented by a tree T with height h. We can compute a solution (F ′, τ) of minimal136

Cardinality in O(n log n + nh) time, for any constant dimension d ≥ 1.137

Proof. By Lemma 2 computing the V (u) vectors for all nodes u ∈ T takes O(n log n + nh)138

time. We recursively compute the translations to apply via a pre-order traversal of T , such139

that the ancestral translation is known when treating a node. Let node u ∈ T have an140

ancestral translation a. If a ∈ V (u), we apply no translation; otherwise, we select an arbitrary141

vector x ∈ V (u) and apply x − a. This yields minimal cost by Lemma 3. This recursion runs142

in O(nh) time, as the total number of preferred vectors on any height is O(n). ◀143

4 Computing an optimal matching144

We prove that, given two point sets without a matching and a family of allowed groups,145

computing an optimal matching is NP-hard for both the Cardinality and Length measures.146

▶ Theorem 5. Unmatched Cardinality is NP-hard in Rd for any d ≥ 1.147

Proof sketch. For d = 1, we reduce from 3-Partition, which is strongly NP-hard [5]:148

given a set N = {x1, . . . , x3n} of 3n positive integers with t = 1
n

∑3n
i=1 xi, such that all149

t/4 < xi < t/2, can N be partitioned into triples such that each triple sums to t? The result150

for higher d follows trivially.151

For each i ∈ [3n], we define a set Ai of xi points, with unit distance spacing; each Ai is152

placed at distance 2 from Ai−1. See Figure 6. We use A =
⋃

i Ai and family F of permitted153

groups consists of all Ai, as well as all singletons. For each i ∈ [n], we define a set Bi154

of t points, with unit distance spacing; each Bi is placed at distance 2 from Bi−1. We use155

B =
⋃

i Bi, and ensure they are placed disjoint from all points in A.156

If the 3-Partition instance admits a solution, then each triple {xi, xj , xk} in the solution157

is matched to a unique set Bx and we can move the sets Ai, Aj , Ak to match exactly to the158

points in Bx. This uses 3n groups in total.159

EuroCG’26



100:6 Point Set Transformations using Given Groups

Figure 6 Example construction for Theorem 5 using the set N = {3, 1, 7, 3, 1, 3}. The points
of A (dots) are grouped by these values. We place points of B (crosses) into groups of size t = 9. A
matching minimizing Cardinality is indicated by the colored regions, and corresponds to a 3-partition.

164

165

166

A solution to the Unmatched Cardinality instance with 3n groups must move exactly160

all Ai groups, as each point in A must move. Each group Ai must move to a single Bx group,161

due to the spacing between the groups in B, and each point in A maps to a unique point162

in B. As t/4 < xi < t/2, this implies that each Bx is covered by exactly three Ai sets. ◀163

▶ Theorem 6. Unmatched Length is NP-hard in Rd for any d ≥ 1.167

Proof sketch. We adapt the reduction of Theorem 5 by introducing sufficient spacing168

between A and B, such that using an additional group is too costly in terms of Length. ◀169

5 Future work170

The framework of [8] considered several variants of the matched problem in which the groups171

are not given as part of the input, under different permitted-groups constraints. We have172

additional preliminary results indicating that most unmatched variants are NP-hard, making173

the study of approximability or parameterized complexity a natural direction of future work.174
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A Full proofs199

▶ Theorem 1. Matched Cardinality is NP-hard in Rd for any d ≥ 1.200

Proof. For d = 1, we use a reduction from Partition, which is weakly NP-hard [5]: given201

a set N = {x1, . . . , xn} of n positive integers and k = 1
2

∑
x∈N x, is there a subset N ′ ⊆ N202

with
∑

x∈N ′ x = k? The result for higher dimensions follows trivially from this reduction.203

Given a Partition instance N , we construct a Matched Cardinality instance: a set ∆ of204

vectors and a family F of groups (see Figure 3). For each integer xi ∈ N we add a vector205

δi = xi to ∆. Furthermore, we add the vector δn+1 = k. Finally, we construct F as follows:206

for each xi ∈ N , we add both the singleton {i} and the pair {i, n + 1}.207

We argue that a valid solution (F∗, τ∗) with cardinality |F∗| ≤ n exists if and only if N208

admits a partition N∗, such that
∑

x∈N∗ x =
∑

x∈N\N∗ x.209

Let N∗ be a solution to the Partition instance. For each xi ∈ N∗ we translate pair210

Gi = {i, n + 1} ∈ F by τ(Gi) = xi; for each xi ∈ N \ N∗ we translate singleton Gi = {i} ∈ F211

with τ(Gi) = xi. Each point ai for i ∈ [n] is moved by xi = δi, and point an+1 is moved by212 ∑
N∗ xi = k: this is a valid solution using n groups.213

Let (F∗, τ∗) be a valid solution to the Matched Cardinality instance with |F∗| ≤ n. Since214

each group in F contains at most one index from [n], covering all n indices requires at least215

n groups. Hence, |F∗| = n and each i ∈ [n] must be covered by either its singleton {i} or its216

pair {i, n + 1}. Let I be the set of indices in [n] of points that moved using its pair. Since217

δn+1 = k, it follows that
∑

δi∈I δi = k. Thus, the set N ′ = {xi | i ∈ I } sums to k and is a218

solution to the Partition instance. ◀219

▶ Lemma 2. In any constant dimension d ≥ 1, the sets V (u) for all nodes u ∈ T can be220

computed in O(n log n + nh) time, for a tree of height h.221

Proof details. The remaining challenge from the main text is as follows: given a tree with222

an integer label V (u) ∈ [n] on each leaf u, annotate each internal node u with the set V (u) of223

labels that occur most frequently in the V (u) sets of its children (which could be more than224

one label in case of a tie for the maximum). Below, we show how to perform this annotation225

in O(nh) time, where n is the number of leaves and h the height of the tree.226

We represent the sets V (u) as linked lists and construct them in a postorder traversal227

of the tree. Leaves are a special case: their label is given. For internal nodes, we do the228

following, after once allocating an array of n integers and initializing it to all zeroes; call it229

the accumulator array.230

For an internal node u, we can easily iterate over the labels of its children in time233

proportional to the number of labels. First, we perform such an iteration, incrementing the234

element of the accumulator array by one for each label. During this iteration, we maintain235

the maximum value of the accumulator array. Next, we perform another iteration over the236

labels1. If the label’s value in the accumulator array matches the maximum value, we add it237

to V (u), and in any case we set the element of the accumulator array to zero afterwards. This238

ensures that each maximum label is added exactly once to V (u) and that the accumulator239

array resets to all zeroes after processing the node u and can therefore be reused.240

In this manner, processing a single label of a child takes constant time and processing an241

internal node thus takes time proportional to the total number of labels of its children. ◀242

1 The goal is to efficiently iterate over the nonzero elements of the accumulator array: note that there is
not enough time to simply scan and reset the entire array at every node.

231

232
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▶ Theorem 5. Unmatched Cardinality is NP-hard in Rd for any d ≥ 1.243

Proof. For d = 1, we use a reduction from 3-Partition, which is strongly NP-hard [5]: given244

a set N = {x1, . . . , x3n} of 3n positive integers and t = 1
n

∑3n
i=1 xi, can N be partitioned245

into triples such that each triple sums to t? We assume that t/4 < xi < t/2 for all i, such246

that a subset can achieve a sum of t only if it is indeed a triple [5]. Furthermore, we assume247

all xi > 1, which can easily be achieved by adding 1 to all values if there are xi = 1 (and248

increasing t by 3) as this preserves the validity of any triple. The result for higher dimensions249

follows trivially from this reduction.250

We construct an Unmatched Cardinality instance as follows. Each i ∈ [3n], we define a251

set Ai of xi points, with unit distance spacing; each Ai is placed at distance 2 from Ai−1. We252

use A =
⋃

i Ai and family F of permitted groups consists of all Ai, as well as all singletons.253

For each i ∈ [n], we define a set Bi of t points, with unit distance spacing; each Bi is placed254

at distance 2 from Bi−1. We use B =
⋃

i Bi, and ensure they are placed disjoint from all255

points in A.256

We argue that a valid solution to the Unmatched Cardinality instance with cardinality at257

most 3n exists if and only if the 3-Partition instance has a solution.258

Assume there is a solution to the 3-Partition instance. Consider each triple {xi, xj , xk}259

in this solution, and match it to a unique set Bx. We move the sets Ai, Aj , Ak via a260

translation each to match exactly to the points in Bx – constructing matching ϕ accordingly.261

Each of the n triples is matched to one of the n sets Bx. As such, we constructed a solution262

that uses exactly 3n group translations.263

Assume there is a solution to the Unmatched Cardinality instance of cardinality at most264

3n. As each point in A must move, we must use at least 3n groups and we can only use this265

few groups if we select precisely all Ai groups, and no singletons. As there is a distance of266

two between two Bx groups, each group Ai must be moved to lie wholly within one of the267

Bx groups. Since the matching ϕ must match each point from A to a unique point in B,268

we know that each Bx set must be covered by exactly three Ai sets. This readily defines a269

3-Partition solution. ◀270

▶ Theorem 6. Unmatched Length is NP-hard in Rd for any d ≥ 1.271

Proof. We use effectively the same construction as in the proof of Theorem 5. However, we272

are more careful about the distance between the A and B sets, such that using more groups273

is always more costly in terms of total length than using fewer groups.274

Erwin: new? Specifically, let LA = 2 · (3n − 1) +
∑

i(xi − 1) = 3n − 2 +
∑

i xi be275

the total distance between the leftmost and rightmost point in A; similarly, LB = t − 1276

denotes the distance between the leftmost and rightmost point of one set Bi. Let D =277

3n(LA + (n + 1)LB/2) + 1. We place B1 at distance D from A, and place each Bi at distance278

D from Bi−1.279

We argue that a valid solution to Unmatched Length with total length less than (3n(n +280

1)/2 + 1)D exists if and only if the 3-partition instance has a solution.281

For a 3-Partition solution, we use the same matching argument as before. We have282

three groups from A that move to each Bi, each of which with length between iD + (i − 1)LB283

and iD + iLB + LA; this “slack” of LA + LB is introduced because it is unknown from284

where in A exactly the group moves, and to where in B exactly. The total length of all285

movements is thus at most
∑n

i=1 3(iD + iLB + LA) = 3(
∑n

i=1 i(D + LB) +
∑n

i=1 LA) =286

3((D+LB)n(n+1)/2+nLA) = (3n(n+1)/2)D+3n((n+1)/2LB+LA) = (3n(n+1)/2+1)D−1,287

which is indeed less than (3n(n + 1)/2 + 1)D.288
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For an Unmatched Length solution of length less than (3n(n + 1)/2 + 1)D, we argue as289

follows. By the restriction that t/4 < xi < t/2 for all i we know that at least three groups290

must move to each set Bi291

Erwin: old292

Specifically, let LA = 2 · (3n − 1) +
∑

i(xi − 1) = 3n − 2 +
∑

i xi be the total distance293

between the leftmost and rightmost point in A; similarly, LB = n(t − 1) + n − 1 = nt − 1294

denotes the total distance between the leftmost and rightmost point in B. We place B to the295

right of A, such that its leftmost point has distance D = 3n(LA + LB) + 1 to the rightmost296

of A. Now, any translation that directly moves a point from A to a point from B has length297

at most L = LA + LB + D, and at least D.298

For a 3-Partition solution, we use the same argument as before. With exactly 3n groups299

moving, we hence readily have that the total length is at most 3nL.300

For a Unmatched Length solution of length at most 3nL, we argue as follows. A solution301

that uses 3n+1 groups uses at least distance (3n+1)D. However, (3n+1)D ≤ 3nL simplifies302

to D ≤ 3n(LA + LB), which is lower than the assigned value for D. As such, the solution303

must use 3n groups: from here, we use the same argument as before. ◀304
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